
Covariance	and	correlation	between	the	payout	outcome	of	time-overlapping	binary	options	with	
differing	strike	prices	on	the	same	underlying	asset	

	

Consider	two	binary	option	contracts	on	the	same	underlying	asset	𝑆:	

i.	A	cash	or	nothing	call	option	with	strike	price	𝐾#	and	time	to	expiry	𝑎 + 𝑏	

ii.	A	cash	or	nothing	call	option	with	strike	price	𝐾'	and	time	to	expiry	𝑏 + 𝑐.	

The	options	are	simultaneously	active	for	a	time	length	of	𝑏,	and	option(ii)	starts	a	time	length	of	𝑎	
ahead	of	option	(i).	

Let	X	and	Y	be	the	payout	outcomes	(including	purchase	prices)	of	both	options	respectively.	One	can	
model	X	and	Y	as	random	variables	which	take	the	value	𝑊#	&	𝑊'	with	probability	𝑝#	&	𝑝'	and	value	𝐿#	
&	𝐿'	with	probability	(1 − 𝑝#)	&	(1 − 𝑝')	respectively.	

Assuming	𝑺	follows	a	geometric	brownian	motion	(GBM)	process	with	drift	rate	𝒓	(equivalent	to	the	
risk-free	rate)	and	volatility	𝝈,	what	is	the	correlation	between	the	payout	outcomes?	

Using	the	gaussian	increment	property	of	a	GBM	process,	one	can	model	the	variation	of	the	log	returns	
of	𝑆	for	a	specific	timeframe	as	a	sum	of	normal	iid	random	variables.	Let	(1).	𝑍#𝜎 𝑎 +	𝑍'𝜎 𝑏	and	(2).	
𝑍'𝜎 𝑏 +	𝑍6𝜎 𝑐	describe	the	log	returns	of	𝑆	during	the	active	timeframe	of	options	(i)	and	(ii)	
respectively,	where	𝑍#,	𝑍',	and	𝑍6	are	standard	normal	random	variables.	𝑍'𝜎 𝑏	is	the	variation	of	the	
log	returns	when	both	options	are	active	simultaneously,	and	thus	present	in	both	(1)	and	(2).	The	
covariance	and	correlation	between	(1)	and	(2)	are	as	follow:	

𝑪𝒐𝒗𝒂𝒓𝒊𝒂𝒏𝒄𝒆 𝒁𝟏𝝈 𝒂 +	𝒁𝟐𝝈 𝒃, 𝒁𝟐𝝈 𝒃 +	𝒁𝟑𝝈 𝒄 	

= 	𝐸 𝑍#𝜎 𝑎 +	𝑍'𝜎 𝑏 𝑍'𝜎 𝑏 +	𝑍6𝜎 𝑐 − 𝐸 𝑍#𝜎 𝑎 +	𝑍'𝜎 𝑏 	𝐸 𝑍'𝜎 𝑏 +	𝑍6𝜎 𝑐 	

= 	𝐸(𝑍#𝑍'𝜎' 𝑎𝑏) + 	𝐸(𝑍''𝜎'𝑏) + 𝐸(𝑍'𝑍6𝜎' 𝑏𝑐) 	+ 	𝐸(𝑍#𝑍6𝜎' 𝑎𝑐) − 	0	

= 𝜎'𝑏		 	 	 	 	 	 	 	 	 	 	 	 (3).	

𝑪𝒐𝒓𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒁𝟏𝝈 𝒂 +	𝒁𝟐𝝈 𝒃, 𝒁𝟐𝝈 𝒃 +	𝒁𝟑𝝈 𝒄 	

=
𝐶𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑍#𝜎 𝑎 +	𝑍'𝜎 𝑏, 𝑍'𝜎 𝑏 +	𝑍6𝜎 𝑐

𝑉𝑎𝑟 𝑍# 𝑎 +	𝑍' 𝑏 𝑉𝑎𝑟(𝑍' 𝑏 +	𝑍6 𝑐)
	

= 	 R
STR (RTU)

	 	 	 	 	 	 	 	 	 	 	 (4).	

With	the	knowledge	of	(3)	which	is	a	constant,	one	is	able	to	model	𝑩 = 𝐵#, 𝐵' X,	the	pair	of	log	
returns	of	𝑆	during	the	active	timeframe	of	option	(i)	and	(ii)	perfectly	with	a	bivariate	normal	



distribution	with	mean	vector	𝝁 = 𝑟 − Z[

'
(𝑎 + 𝑏), 𝑟 − Z[

'
(𝑏 + 𝑐)

X

,	and	covariance	matrix	𝛴 =

	
𝜎'(𝑎 + 𝑏)	 𝜎'𝑏	

𝜎'𝑏	 𝜎'(𝑏 + 𝑐)	
.	Thus,	the	covariance	and	correlation	of	X	&	Y	are	as	follow:	

𝑪𝒐𝒗𝒂𝒓𝒊𝒂𝒏𝒄𝒆(𝑿, 𝒀)	

= 𝐸 𝑋𝑌 − 	𝐸 𝑋 𝐸 𝑌 	

= 𝑊#𝑊'	𝑃(𝐵𝑜𝑡ℎ	𝑤𝑖𝑛) + 	𝑊#𝐿'𝑃(𝑓𝑖𝑟𝑠𝑡	𝑤𝑖𝑛𝑠, 𝑠𝑒𝑐𝑜𝑛𝑑	𝑙𝑜𝑠𝑒𝑠) + 	𝐿#𝑊'𝑃(𝑓𝑖𝑟𝑠𝑡	𝑙𝑜𝑠𝑒𝑠, 𝑠𝑒𝑐𝑜𝑛𝑑	𝑤𝑖𝑛𝑠) +
	𝐿#𝐿'𝑃(𝐵𝑜𝑡ℎ	𝑙𝑜𝑠𝑒) − 	 𝑊#𝑝# + 	𝐿#(1 − 𝑝# ) 𝑊'𝑝' + 	𝐿'(1 − 𝑝' )		 	 	 	 (5).	

To	evaluate	(5),	one	needs	to	calculate	the	probability	weights	for	all	𝑋𝑌	outcomes.	Let	Sj	be	the	price	

of	S	when	option	(i)	becomes	active.	Also,	let		𝐾#be	𝑆j𝑒
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= 𝑝��	

𝑷 𝒇𝒊𝒓𝒔𝒕	𝒘𝒊𝒏𝒔, 𝒔𝒆𝒄𝒐𝒏𝒅	𝒍𝒐𝒔𝒆𝒔 = 𝑃 𝑠𝑒𝑐𝑜𝑛𝑑	𝑤𝑖𝑛𝑠 −	𝑝�� = 𝑝# −	𝑝��	

𝑷 𝒇𝒊𝒓𝒔𝒕	𝒍𝒐𝒔𝒆𝒔, 𝒔𝒆𝒄𝒐𝒏𝒅	𝒘𝒊𝒏𝒔 = 𝑃 𝑓𝑖𝑟𝑠𝑡	𝑤𝑖𝑛𝑠 − 	𝑝�� = 𝑝' −	𝑝��	

𝑷 𝒃𝒐𝒕𝒉	𝒍𝒐𝒔𝒆 = 1 − 𝑝' − 𝑝# +	𝑝��	

where	𝜌 = 	 𝑏
𝑎+𝑏 (𝑏+𝑐).	

Thus,	resuming	from	(5):	

𝑊#𝑊'	𝑃(𝐵𝑜𝑡ℎ	𝑤𝑖𝑛) + 	𝑊#𝐿'𝑃(𝑓𝑖𝑟𝑠𝑡	𝑤𝑖𝑛𝑠, 𝑠𝑒𝑐𝑜𝑛𝑑	𝑙𝑜𝑠𝑒𝑠) + 	𝐿#𝑊'𝑃(𝑓𝑖𝑟𝑠𝑡	𝑙𝑜𝑠𝑒𝑠, 𝑠𝑒𝑐𝑜𝑛𝑑	𝑤𝑖𝑛𝑠)
+ 	𝐿#𝐿'𝑃(𝐵𝑜𝑡ℎ	𝑙𝑜𝑠𝑒) − 	 𝑊#𝑝# + 	𝐿#(1 − 𝑝# ) 𝑊'𝑝' + 	𝐿'(1 − 𝑝' )	



= 𝑊#𝑊'𝑝��	+𝑊#𝐿'(𝑝# − 𝑝��) + 	𝐿#𝑊'(𝑝' − 𝑝��) + 	𝐿#𝐿'(1 − 𝑝' − 𝑝# + 𝑝��)
− 	 𝑊#𝑝# + 	𝐿#(1 − 𝑝# ) 𝑊'𝑝' + 	𝐿'(1 − 𝑝' )	

= 𝑊#𝑊'𝑝��	+𝑊#𝐿'(𝑝# − 𝑝��) + 	𝐿#𝑊'(𝑝' − 𝑝��) + 	𝐿#𝐿'(1 − 𝑝' − 𝑝# + 𝑝��)
− 	 𝑊#𝑝# + 	𝐿#(1 − 𝑝# ) 𝑊'𝑝' + 	𝐿'(1 − 𝑝' )	

= 𝑊# − 𝐿# 𝑊' − 𝐿' 𝑝𝑤𝑤 +𝑊1𝐿2𝑝1 +	𝐿1𝑊2𝑝2 +	𝐿1𝐿2 1 − 𝑝2 − 𝑝1 +𝑊1𝑊2𝑝1𝑝2 +𝑊2𝐿1𝑝2 1 − 𝑝1
+	𝑊1𝐿2𝑝1 1 − 𝑝2 +	𝐿1𝐿2 1 − 𝑝1 (1 − 𝑝2)	

= 	 𝑊# − 𝐿# 𝑊' − 𝐿' 𝑝𝑤𝑤 + 𝑊# − 𝐿# 𝑊' − 𝐿' 𝑝1𝑝2	

= 	 𝑊# − 𝐿# 𝑊' − 𝐿' (𝑝𝑤𝑤 − 𝑝1𝑝2)	 	 	 	 	 	 	 	 (6).	

𝑪𝒐𝒓𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏(𝑿, 𝒀)	

=
𝐶𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑋, 𝑌
𝑉𝑎𝑟 𝑋 𝑉𝑎𝑟(𝑌)
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'
	

= 	
𝑊1 − 𝐿1 𝑊2 − 𝐿2 𝑝�� − 𝑝#𝑝'

𝑊# − 𝐿# 𝑝#(1 − 𝑝#) 𝐸 𝑌' − 𝐸 𝑌
'
	

= 	
𝑊1 − 𝐿1 𝑊2 − 𝐿2 𝑝�� − 𝑝#𝑝'

𝑊# − 𝐿# 𝑊' − 𝐿' 𝑝# 1 − 𝑝# 𝑝'(1 − 𝑝')
	

= 	 o��kono[
on #kon o[(#ko[)

	 	 	 	 	 	 	 	 	 	 (7).	

	

	

	

	


